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Radial basis function-based finite differences (RBF-FD) are used to develop a high-order
mesh-free hydrodynamic stability analysis tool for complex geometries. Polyharmonic spline
RBFs with polynomial augmentation (PHS+poly) are used to construct the discrete linearized
Navier-Stokes and resolvent operators on arbitrarily scattered nodes. The PHS+poly discretiza-
tion is shown to yield accurate, stable, and computationally efficient discretizations of the large
hydrodynamic stability matrix problems arising in two-dimensional classical linear theory and
resolvent analysis. The mean-flow stability of the wake behind a cylinder in the vicinity of the

é critical point is studied using both theories. The predicted flow instabilities, including the vortex
S shedding frequency and associated coherent structures, closely match those reported in the
§ literature.
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g I. Nomenclature
<y
% Ly, Ly = linearized Navier-Stokes operator around the mean-flow and its discretization
g A = RBF-based interpolation matrix
3 D = global RBF-based differentiation matrix
£ Ar = local characteristic distance of the grid
N € = magnitude of fluctuation
g' f = input/forcing vector, local and global
2 y = RBF interpolation coefficients
E L = linear operator
2 A = stability eigenvalue
s m = exponent of the polyharmonic spline
= n = local stencil size
g N = total amount of nodes
g \Y = the gradient
% p = pressure
a P, P = prolongation operator and its discretization
P(x) = multivariate polynomial
q = degree of the polynomial augmentation
o(r) = radial function
R, R = resolvent operator and its discretization
Re = Reynolds number
o = resolvent singular value
St = Strouhal number
u, v = horizontal and vertical velocity components
u = velocity vector, local and global
w = local RBF weights
Wg, W, = weight matrices
w = angular frequency
x = node location
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Superscripts

() = fluctuating component

() = normal mode

() = mean component

¢ = frequency-domain representation

II. Introduction

Flow instabilities and large-scale coherent structures are ubiquitous in fluid mechanics. In the last century, classical
linear stability analysis has been applied to investigate the growth of small disturbances for laminar flows. Examples
include cylinder wakes [} 2], non-parallel shear flows [3]], and thin aerofoil wakes [4]. However, linear stability
analysis around steady laminar base flow often fails to predict finite-amplitude flow instabilities arising from nonlinear
interactions. Despite violating the basic assumptions of linear theory, the use of mean-flows for linear analysis has been
successful at predicting coherent flow features in a variety of flows, including cylinder wakes [, 6], open cavity flows
[7]], and turbulent or transitional jets [8,9]. More general applications to broadband turbulent flows are still wanting.
More recently, resolvent, or input-output analysis, has revealed its potential to predict large-scale coherent structures in
turbulent flows accurately. The resolvent operator is obtained from the forced linearized system and forms a transfer
function between forcings and responses. Within the laminar regime, resolvent analysis has been used to examine
the linear response to external body forces and perturbations for channel flow 10} [11], boundary layers [[12}[13], and
jets [14H16]. Unlike classical linear stability analysis, the input-output perspective also provides a mathematically
rigorous framework for analyzing turbulent mean-flows by identifying the forcing with the Reynolds stresses in the
perturbation-interaction terms in the Reynolds-decomposed Navier—Stokes equations [17,[18]. The applicability of
linear stability analysis on turbulent mean-flows with strong convective instabilities has been demonstrated by Beneddine
etal. [19]. Applications of resolvent analysis to identify large-scale coherent motion based on turbulent mean-flows
include near-wall flows [[17,[18]], boundary layers [20l 21], incompressible [14] or compressible jets [[15} 22} 23], and
flows over an airfoil [24]. Both classical linear stability and resolvent analysis require, in their most basic form, the
construction large matrices that have to be decomposed into their singular- or eigen-components. This work proposes
an approach based on radial basis functions (RBFs) to construct the large, sparse operators that are at the core of
hydrodynamic stability analysis.

The key novelty of this work is the development of a high-order mesh-free framework for hydrodynamic stability
analysis based on RBF-FD discretization. The RBF methodology originated from the idea of scattered data interpolation
by Hardy [25] and provided a systematic way to approximate multivariate functions on arbitrarily scattered nodes.
RBF-based methods facilitate maximum flexibility in meshing complex geometries, local grid refinement, and local
adjustments to the order of accuracy of the discretization. The idea of incorporating RBFs and the classical finite
difference (FD) method was first proposed in a conference presentation by Tolstykh [26]. The so-called RBF-FD method
generalizes the classical FD methods to arbitrary node layouts by approximating the desired function based on RBFs.
Common choices for RBFs include Gaussian (GA), multiquadrics (MQ), and inverse multiquadrics (IMQ). Refer to [27]]
for a detailed overview. These RBF types have the shape parameter as a free parameter, which in turn significantly
impacts both accuracy and stability. Recently, RBF-FD approximations based on polyharmonic splines (PHS) that
are augmented with polynomials (PHS+poly), that were first introduced in Flyer et al. [28]], and that do not require a
shape parameter, have revealed their potential to achieve high-order accuracy. In particular, Flyer et al. [29] showed that
local PHS+poly generated RBF-FD stencils provide high-order accuracy for derivative approximations and eliminate
the stagnation errors under node refinement. Bayona et al. [30] used PHS+poly for solving elliptic PDEs and relied
on a larger stencil size near domain boundaries to avoid the Runge phenomenon. The feasibility of this strategy was
later analytically confirmed by Bayona [31] using RBFs in a closed-form. Numerical demonstrations for 2-D and 3-D
examples were presented in Bayona et al. [32]. Several comparisons have been made to other higher-order mesh-free
methods, including polynomial least-squares approximations [29], the RBF-GA method near the flat limit [33], and the
moving least-squares (MLS) method [34]]. All studies conclude that PHS+poly-based RBF-FDs perform well in terms
of accuracy, robustness, and computational efficiency.

As a test case for the proposed mesh-free framework, we study the 2-D cylinder wake. It is well-known that the
cylinder wake becomes unstable beyond the critical Reynolds number Re, ~ 47 due to a Hopf bifurcation, which leads
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to the periodic von Karman vortex shedding, see e.g. [35,136]. Linear stability analysis around the mean-flow accurately
identifies the vortex shedding frequency [2, 37, 38]] and the unsteady flow structures [} 16]. Symon et al. [39] futher
demonstrated that the leading linear stability and resolvent modes for the cylinder wake are nearly identical. We here
conduct both global stability as well resolvent analyses of the cylinder wake mean-flow within the 2-D laminar regime,
47 < Re < 188 (beyond which the flow becomes three-dimensional [40, 41])).

IT1. Hydrodynamic stability analysis for incompressible flows
The motion of a general incompressible Newtonian fluid is governed by the Navier-Stokes equations,

P
6—': +(u-V)u=-Vp+Re ' Vu, (1a)

V-u=0. (1b)

All variables are nondimensionalized by the velocity scale U, and the length scale L, and Re denotes the Reynolds
number. We take the Reynolds decomposition of the, here two-dimensional, flow velocity, u = [u, v]T, and pressure, p,
fields into the mean and small fluctuating components, (-) and (-)’, respectively, as

u=u+eu’, p=p+ep’. ()
A small parameter € represents the magnitude of the fluctuating quantities. The resulting governing equations for the
fluctuations are

ou’

oot @ V)V = ~Vp' +Re”'V2u/ + f7, (3a)

V-u' =0, (3b)
where we combined the two terms involving products of fluctuating quantities into a single term,
[ff=e|- - VYu' +w  -Vyu'|, 4)

which we later either neglect or model.

Classical (temporal) linear stability analysis investigates fluctuations with complex frequency A = A, +i4;, where A,
is the exponential growth rate and A; the oscillation frequency. The fluctuations are assumed to be infinitesimally small
with € < 1, see e.g., Schmid and Henningson [42]]. The forcing term, f”, is therefore negligible at O(1). Substituting
perturbations of the form [u’, p’](x,t) = [@&, p](x)e into the governing equations yields the linear stability
equations,

Adii+(@-V)a+(@-V)u=-Vp+Re 'V, (5a)
V. 0. (5b)

N1
I

The above equations can be written in a compact operator notation as

AppPT [ ] = L,,[ ] (6)
p p

]

N1

where

Lz

[—(ﬁ- V) -[0-V]u+Re V2 —V] o

V-0 0

is the linearized Navier-Stokes (LNS) operator around the mean-flow, # is the prolongation operator that extends the
velocity vector [u, v]T into [u, v, O]T, and its transpose is the restriction operator that extracts the velocity vector from
the extended state vector. Equation (6) is a generalized eigenvalue problem, and the eigenvector associated with the
eigenvalue with the largest real part ought to predict the dominant instability mechanism of the flow.

For more general cases of finite amplitude fluctuations, the nonlinear interactions in equation (@) are no longer
negligible, and we may consider the more general equation (3| Within the resolvent framework of turbulent flows, we
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interpret the nonlinear interaction terms in f” as external forcing to the otherwise linear dynamics. This interpretation
was first proposed by McKeon and Sharma [17].

By assuming a normal mode form for the fluctuating components, [u’, p’, f'](x,t) = [&, P, f] (x)el“! +c.c.,
where w is the angular frequency, or equivalently by taking the Fourier transform, we obtain the frequency-domain
representation of the governing equations (3a)) and (3b),

iwa+(@-Vya+@-V)u=-Vp+Re 'V + f, (8a)
V-a=0. (8b)

Following the approach by Sipp and Marquet [13]], we write equations (8] in a compact form as
i =R(w)f, 9)

N

where R(w) = PT (inPT - .Eg)_l P is the resolvent operator. Equation @) linearly relates the input, or forcing, f,
to the output, or response, @. Input-output, or resolvent analysis, seeks pairs of optimal forcings and corresponding
responses that maximize the gain, o2, defined as the ratio of the energy of the response to the energy of the forcing,

. R(w) f,R(w) f
_laig _ < >u. a0)

AR (7. f>f

The energy of the response and the forcing are measured in the norms || - ||, and || - || 7, induced by the inner products

o(fiw)

@i, = [BxoW@neod  wd (fF) = [ Feowmhcos )

on the output and input spaces, respectively. W,, and W ¢ are two Hermitian matrices that contain variable weights that
define the energy. Equation (I0) is solved by the Schmidt decomposition to the resolvent operator

R(w) = > oj(w)i;(x,0) ® f,(x,0) (12)
j=1

in terms of the inner products (T), where ® denotes the Kronecker product. In practice, that is for discrete data, it

is solved by the singular value decomposition. The output modes, # ;, and input modes, f ;, are orthogonal in their

respective inner products, that is, (ﬂ il k>u = < f 7 f k> = 0. The modes are ordered by the associated singular
f

value, o7;. It can be verified that the input and output modes are related through

R(w)f; =oj(w)iy, (13)

which provides a physical interpretation of the singular values and vectors.
The remainder of this paper is dedicated to constructing the discrete LNS, Lz, and resolvent, R (w), operators using
PHS+poly RBF-FD.

IV. Radial basis functions (RBFs)
The method of radial basis functions (RBFs) approximates a given function g(x) using a set of smooth radial
functions ¢(r). RBF discretizations seek the interpolant

n
s(x) = ) vl —x;l) (14)
j=1
such that s(x;) = g(x;) for j = 1,2,---n, where {x}"!_, is a set of scattered nodes, and || - || denotes the standard
Euclidean norm. The interpolation coefficients y, - - - , v, are found by solving the linear system
(llxr —x1l)  g(lxr —x2) -+ @(llx1 —xal) | {7 g(x1)
¢Ube2 —xill) - o(llx2 =x2ll) -+ @Ubea —xall) | |72|  [8(x2) 1)
d(llxn —x1ll)  d(llxn —x2ll) - @llxn —xul)] [¥n g(xn)
A
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where A is the interpolation matrix. The obtained RBF interpolant s(x) can then be used to approximate the given
function function g(x). Motivated by recent studies (see, e.g., [28430} 32]]), we use polyharmonic splines (PHS),

¢(r) =r", (16)

as the basis functions, where m is an odd positive integer.

A. RBF-FD method and augmentation with polynomials
The RBF-FD method computes a direct way to obtain the discrete representation of any linear differentiation operator
L at a given location x¢ as a linear combination of the function values, g(x ), such that

Lg(x0) = ) wjglx;). (17)
j=1
Here, w are the unknown weights and the corresponding weight vector w = [wy,- -, wn]T can be obtained by solving

the linear system
wi] [ Lot —xiDl,_,,
wa| | Lol —xa)],_y,

(18)

wal | Lox - xall)],_,,

An implicit assumption is that the derivative of the basis functions, L¢, is continuous.
Polynomial augmentation is commonly applied to the RBF-FD method to enforce consistency with Taylor expansion-
based FD approximations [27} 28| 43-45]]. The two-dimensional augmented RBF-FD method takes the form

n (g+1)(g+2)/2
Lg(xo) = Z w;ig(x;) + Z ciPi(xo), (19)

7= i=1

where P;(x) are multivariate polynomials up to degree g. To match with the local Taylor series, additional constraints
for the differentiation weights,

(g+1)(g+2)

ijPi(x]-) = .LP,‘(X()) forl1 <i< B

J=1

(20)

are included in the computation. The use of the above constraints, also known as the vanishing momentum conditions
[46]], ensures that the RBF approximations locally replicate polynomial behaviour up to degree ¢ [29] and decay as
r — oo [47]. The resulting linear system, for example of ¢ = 1, is

ooy |[wn] [Lelx—x],,
A R : :
1x"y" ,1”11,=,,{?b,(,||,’f:,’fﬁl|,),|zc,:zcg<, 1)
| | i c1 _£1|x=x0
X1 Xp i 0 o £x|x:xO
B (3] | [’y|x:x0

where A is the same interpolation matrix as previously defined in equation (I8). A more general and compact
representation of equation 21 is

A P ||w| |Lg
PT 0 ||c| |zP

Only the weight vector w is used in equation to approximate the differentiation operator L.

The accuracy of PHS+poly RBF-FD method depends on the stencil size, n, the PHS exponent, m, and the polynomial
degree, g. In this work, we use the combination (n, m, q) = (36, 3, 3) to balance computational efficiency and physical
accuracy, and achieve stability. Figure[I]shows two examples of the RBF stencil used for the spatial discretizations. The
practical implementation follows [28]].

: (22)
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Fig. 1 RBF stencils (magenta circles) for a given node (red): (a) interior node; (b) node near domain boundary
(dashed line). A constant stencil size n = 36 is used consistently.

V. Mesh-free hydrodynamic stability analysis
Differentiation matrices provides a straightforward and flexible way to discretize global Jacobians. In this work, the
PHS+poly RBF-FDs are used to construct these global Jacobians on a set of scattered nodes, {x;} t’\:’ - For differentiation

operators L = % and V2, we seek differentiation matrices D, and D that satisfy

(win wiz - owiv | [g@D ] [aEexn)
war o wa o won || g(x2) 72-2(x2)
. = . , k=12 (23a)
wn1 w2 o wan] [8(xN)] _kag(xN)
D,
[wir w0 owin | [gGxn ] [V2e(x1)
war  wa o wan || g(x2) V2g(x2)
and . = . , (23b)
Wyl waz o wan] [gGxn)] [VPe(xN)
D,

v

where [x1,x2] = [x, y]. The jth row of the sparse matrix D contains the n < N weights that approximates the derivative
at node x ;. The matrices hence have N X n nonzero elements.

In a slight change of notation, to enhance readability, we now denote by u = u(x) and v = v(x) the global velocity
fields, and by p = p(x) the global pressure field in the computational domain €.

Using these differentiation matrices, we assemble the discrete global LNS operator from equation (7)) as

~#oD,-voD,-diag(D.u)+Re' Dy —diag (Dyu) -D,
Ly = —diag (D7) ~#oD,-voD,-diag(D,v) +Re”'Dy>. -D,|, (24)
D, D, 0

where o denotes the Hadamard product. The discrete version of the linear stability eigenvalue problem, equation (6)),
then becomes

APPTG = Lyq, (25)

where P is the prolongation matrix. The eigenvectors, § = [it, ¥, p]”, of this generalized eigenvalue problem are
referred to as the global modes.
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Using the same approach, the discrete version of the input-output system, equation (I3)), is obtained as
i@ =Rw)f, (26)
where

R(w) = PT (inPT - Lg)_1 P 7)

is the discrete resolvent operator. The optimal input forcings, f j» are determined as the solutions of the generalized
eigenvalue problem

Hw)f;=0iWef,, (28)

where the matrix H(w) = R(w)*W,R(w) is Hermitian. The optimal responses, # ;, can then be obtained from the
input-output relation

i =¢;1R(w)fj. (29)

In practice, the matrix inversion of (inPT — Lg) is solved using LU factorization.

VI. Application to cylinder flow
The mesh-free RBF-based hydrodynamic stability framework outlined in §V]is applied to cylinder flow at diameter-
based Reynolds numbers, Re = U";D, ranging from 47 to 180 to investigate the mean-flow stability within the
two-dimensional laminar vortex shedding regime, Re < 188. The flow configuration and the mean-flow are described
in the first subsection. Results of the mesh-free hydrodynamic stability analysis are presented in the second subsection.

A. Flow configuration

1
15 0 15 30
xz

Fig. 2 Computational grid for cylinder flows with N = 118225 ~ 421 X 281 nodes, colored using the mean
vorticity, o = D, v — D ,u, at Re = 100.

We define the the computational domain € as the exterior of the cylinder » > D /2 = 0.5 and within the rectangle
-15 <x <30, —15 < y < 15. The computational domain is discretized by N = 118225 ~ 421 x 281 scattered nodes
using the unstructured triangular mesh generator DistMesh developed by [48]]. We apply local grid refinement near
the cylinder and around the wake centerline. The resulting node distribution is shown in Figure[2] The characteristic
distances of the grid are Ar = 0.03 near the cylinder surface, 0.04 on the wake centerline, and average at 0.087 over
the whole domain. The upstream region of the cylinder has also been refined to resolve the input forcing, f . A new
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PHS+poly RBF-FD version of the fractional-step, staggered-grid algorithm by Chu and Schmdit [49] is used to simulate
the unsteady cylinder flow. The mean-flow profiles, # and v, are obtained as the time-average of flow over 20 vortex
shedding cycles. As an example, the mean vorticity at Re = 100 is showed in figure[2}

Zero-fluctuation conditions, u’ = v’ = 0, are prescribed on the inlet, the transverse boundaries, and on the cylinder
surface. A stress-free outflow condition, —p’n + %Vu' -n =0, where n = [1, O]T is the outflow direction, is enforced
at the outflow. For the resolvent analysis, the inner products defined in equation (TI) are calculated with an identity
weight matrix, W,, = W = I, to account for the integral perturbation kinetic energy within the computational domain.

B. Results

1. Mean-flow stability analysis
As a validation case for the new code, we choose the now classical mean-flow stability analyses of the cylinder wake
by Pier [S]] and Barkley [6]].

0.2

[}

Pier (2002)
019l ©  Barkley (2006) ®
+  present ® m]

0.18 - ® O

0.17} m]

0.16 -

0.15 -

St

0.14

0.13 -

+®D

0.12 -

0.11}F

0.1 1 1 1 1 1 1 1
40 60 80 100 120 140 160 180

Re

Fig. 3 Vortex shedding frequency predicted by the leading eigenvalue of the mean-flow stability problem as
a function of Reynolds number. The frequency is given as the non-dimensional Strouhal number St = 4;/27.
Shown for comparison are results from Pier [5] (blue square) and Barkley [6] (red circle).

Figure 3] shows the frequencies associated with the leading eigenvalues from the linear analysis of the mean-flow.
The nondimensional cylinder wake eigenfrequencies are expressed in terms of the Strouhal number, St = A; /2. Starting
from the critical Reynolds number of Re. ~ 47 the frequency-Reynolds number dependence exhibits the typical
characteristics of a Hopf bifurcation. Our results compare well to Barkley [6]], and just like Barkley [6], deviate no more
than 3% from those by Pier [5]. The corresponding growth rates are almost identical to zero (see also figures 4] and [6]
below), confirming that the mean-flow is marginally stable. Next, we conduct a comparative study of linear stability and
resolvent analysis, both in terms of spectra and modes, at two representative Reynolds numbers, Re. ~ 47 and Re = 100.

2. Comparative study of linear stability and resolvent analysis at Re. ~ 47 and Re = 100

Before studying the modes in more detail, we first examine the resolvent singular value and stability eigenvalue
spectra to confirm that peaks in the resolvent gain are associated with an eigenvalue. Figure ] shows the spectra for the
critical Reynolds number of Re = 47. Both the peak of the resolvent gain and the leading eigenvalue identify the same
frequency, St = 0.1199, as the vortex shedding frequency. Next, will confirm that the associated modes describe the
vortex shedding flow structure.

Figure [5]shows the leading stability and resolvent modes for the cylinder mean-flow at Re = 47. A comparison of
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St

Fig.4 Resolvent singular values (blue curve) and stability eigenvalue (red circle) spectra for Re = 47. The 20
eigenvalues closest to 4 = 0 + 0.753i were found within the region outlined by the black dotted line using the
shift-and-invert Arnoldi algorithm.

Fig.5 Leading modes for Re = 47 at St = 0.1199: (a) stability mode; (b) response mode; (c) forcing mode.

subplots [5[(a) and [5(b) shows that the leading stability and response modes are near-identical up to a shift in phase,
which is undetermined in both analyses, and correspond to the typical vortex shedding structure. The similarity between
the stability and resolvent response modes is not unexpected as the singular value of the resolvent peaks at the vortex
shedding frequency [19,39]. In other words, the optimal forcing leverages the globally instability mode to attain
maximum gain. In contrast to the optimal response and global modes, the optimal forcing mode extends upstream, but
peaks downstream in close vicinity to the cylinder. This is the hallmark of convective instability. Similar flow patterns
were observed in previous work by [39,150} 51]].

Next, we repeat the same analysis for the unsteady regime at Re = 100. Figure 6] shows the corresponding resolvent
singular value and stability eigenvalue spectra. Similar to what was found for figure ] the resolvent singular value
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Fig. 6 Same as figure E]for Re = 100 with vortex shedding frequency St = 0.1652.

spectrum displays a clear peak at the vortex shedding frequency, which is now St = 0.1652, and again coinciding with
the least stable global eigenvalue.

Fig. 7 Same as figure for Re = 100 with vortex sheddingfrequency St = 0.1652.

Figure[7|shows the leading stability and resolvent modes for the cylinder mean-flow at Re = 100. Similar to what
was observed in figure[5] the leading stability and response modes represent the same flow structure associated with the
vortex shedding.

VII. Summary
We have developed a higher-order mesh-free framework for hydrodynamic stability analysis based on a PHS+poly
RBF-FD discretization. The PHS-type RBFs with polynomial augmentation were shown to yield accurate, stable, and

10
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computationally efficient discretizations of large hydrodynamic stability matrix problems on scattered nodes. The
obtained differentiation matrices are used to form the discrete linearized Navier-Stokes operator for both the stability
and resolvent analysis. Vortex shedding behind a 2D cylinder is studied as an example to demonstrate the framework.
Flow instabilities, including the vortex shedding frequency and associated coherent structures, are accurately predicted.
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